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Abstract
We perform a perturbative computation of the glueball superpotential for N = 1
supersymmetric G2 gauge theory with one adjoint matter multiplet. We find that
the computation simplifies because the bosonic momentum integral cancels with the
fermionic momentum integral. The effective glueball superpotential allows us to gain
an insight into non-perturbative aspect of the supersymmetric gauge theory.
November 2007
1 Introduction
The non-perturbative aspects of supersymmetric gauge theories have been investi-
gated for a long time [1, 2, 3]. Recently, Dijkgraaf and Vafa have pointed out that we
can gain insight into non-perturbative gauge theoretic phenomena from a perturba-
tive perspective[4]: The relevant physical quantity is the effective superpotential as
a function of the glueball superfield S, which is believed to behave as an elementary
field in the IR.
In [5], the perturbative computation of the glueball superpotential was performed
for U(N) gauge theory with one adjoint matter. The analysis was purely field-
theoretic and diagrammatic. It was shown that the computation dramatically sim-
plifies: only the planar diagrams contribute and furthermore the evaluation reduces
to zero-dimensional field theory, i.e, a matrix model because of supersymmetry (for
a review see [6]).
Since the advent of [5], various attempts have been done to extend the diagram-
matic analysis of [5]. For example, multi-trace interactions and baryonic interactions
were investigated in [7] and in [8], respectively. The U(N) gauged model with spon-
taneously broken N = 2 supersymmetry was discussed in [11]. Other classical gauge
groups were studied in [9] and [10]. For SO(N)/Sp(N) with an adjoint matter, Feyn-
man diagrams are associated to orientable and non-orientable Riemann surfaces.
In this paper, we consider G2 gauge theory with an adjoint matter. G2 is different
from classical gauge groups in that it has an invariant three-tensor fijk. We derive
Feynman rules and show that new types of diagrams appear. Then we compute the
effective glueball superpotential.
The paper is organized as follows: in section 2 we give a brief review of the
perturbative computation of the glueball superpotential for classical gauge groups
(in particular, U(N) and SO(N)). In section 3 we investigate G2 gauge group.
Section 4 is devoted to conclusions and discussion. In appendix we summarize the
properties of an invariant tensor fijk.
2 Perturbative computation of glueball superpo-
tentials
In this section we show, following [5], how to compute the glueball superpotential.
Let Φ be a massive chiral superfield and belongs to some representation of the gauge
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group. The starting point is the following N = 1 four dimensional action
SSYM(Φ, Φ¯) =
∫
d4xd4θΦ¯eVΦ +
∫
d4xd2θW (Φ) + h.c, (2.1)
where W (Φ) is the gauge invariant superpotential. We use the conventions given in
[12]. The gauge field strength Wα(= iD¯2e−VDαeV ) is treated as background. The
glueball superfield is defined by
S =
1
32pi2
tr(WαWα). (2.2)
We are looking for the perturbative part of the effective superpotential of this
system
∫
d2θW pert.eff (S) as a function of the external glueball superfield S.
In [5], it is shown that for our purpose the relevant action can be written as
SSYM(Φ) =
∫
d4xd2θ
(
−
1
m¯
Φ(− iWαDα)Φ +Wtree(Φ)
)
. (2.3)
In this derivation the anti-chiral superpotential is set to
W¯ (Φ¯) =
1
2
m¯Φ¯2 (2.4)
and the anti-chiral superfield Φ¯ is integrated out. Since the holomorphic quantity is
independent of m¯, we can set m¯ = 1. The expression (2.3) is valid for any gauge
groups. We discuss U(N) theory in section 2.1 and SO(N) in section 2.2.
2.1 U(N) gauge theory with an adjoint matter
Let us consider U(N) gauge theory interacting with a matter field Φ in the adjoint
representation[5]. In this case we see a dramatic simplification. To be specific we
consider the following cubic superpotential
Wtree(Φ) =
m
2
tr(Φ2) +
g
6
tr(Φ3). (2.5)
The action (2.3) and the mass term of the superpotential (2.5) lead to
〈ΦΦ〉 =
1
p2 +m+Wαpiα
(2.6)
for the momentum space propagator. p denotes the four-dimensional bosonic and
pi denotes the fermionic momentum. Since we set m¯ = 1, the expression (2.6)
is not manifestly dimensionally correct. Feynman diagrams corresponding to the
propagator and cubic interaction can be represented as Fig.1. We use the ’t Hooft
double line notation to keep track of the gauge index structure.
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Figure 1: The propagator and the cubic vertex in terms of ’t Hooft double line
notation
In order to compute the purely holomorphic part of the full partition function
Z ′:
Z ′ =
∫
DΦe−SSYM(Φ), (2.7)
we have to evaluate vacuum diagrams such as Fig.2. In double line notation we
(a) (b) (c)
Figure 2: The vacuum diagrams of U(N) gauge theory
associate each ribbon Feynman diagram to a two-dimensional surface(or Riemann
surface). This is done by filling in every index loop with a disk. For example diagram
(a) and (b) are associated to S2 while (c) is associated to a torus T 2. In the case of
U(N) gauge theory with an adjoint matter, we obtain orientable and closed surfaces.
One of the remarkable fact is that only S2 graphs (or planar graphs) contribute to
the glueball superpotential. To show this we begin by investigating the propagator
(2.6) in detail. We introduce a Schwinger parameter s and expand the exponential
with respect to the fermionic momentum:
1
p2 +m+ [Wαpiα, · ]
=
∫
∞
0
dse−s(p
2+m+[Wαpiα, · ])
3
=∫
∞
0
e−s(p
2+m)
(
1− s[Wαpiα, · ] +
s2
2
(
[Wαpiα, · ][W
βpiβ, · ]
))
.(2.8)
Since piα is a Grassmann two-component spinor, the expansion stops at the second
order. Since the fields are in the adjoint representation of U(N), the action of W is
through commutators. The propagators (2.8) can be represented as Fig.3. We can
insert at most two W α in each propagator. One important aspect of the propagator
is the fact that the superfield Wα is correlated with the fermionic momentum: W
always appears with pi.
two insertionsone insertionno insertion
Figure 3: The propagator with insertions of the gauge field strength Wα. The dots
denote the insertions of Wα
Let P be the number of propagators, V be the number of vertices and I be the
number of index loops (for example, P = 3, V = 2 and I = 3 for the diagram (a)).
Euler’s theorem tells us that
V − P + I = χ, (2.9)
where χ is the Euler number. The Feynman diagram also has some number L of
momentum loops. Using the relation L = P − V + 1, the above equation (2.9) can
be written as
I − L = χ− 1. (2.10)
In a diagram with L loops we have to integrate over 2L Grassmannian momenta piα.
Since these momenta necessarily appear in bilinears together with the background
gauge field Wα, a diagram with L loops will contribute precisely a factor of (W)2L
(with various possible gauge and spinor index contractions) to the effective super-
potential. Since we are computing the superpotential for S ∼ tr(WW ), (W)2L must
be arranged as follows
tr(WW )tr(WW ) · · · tr(WW ). (2.11)
This requires that the number of trace be greater than or equal to the momentum
loop. Since the number of traces coincides with the number of index loops, the
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following relation must be satisfied
I ≥ L. (2.12)
Using the eq.(2.10), we get the following constraint on the topology of graphs
χ ≥ 1. (2.13)
This means that in the case of the matter field in the adjoint of U(N), we are
concerned with S2 graphs (χ = 2), that is planar graphs. Non-planar diagrams do
not contribute to the glueball superpotential. It is worth noting that we do not
have to take large N limit to project out the planar diagrams. Planarity is an exact
consequence of supersymmetry.
The planar diagrams at two-loop orders are diagram(a) and (b) depicted in Fig.
2. Let us compute the ”stop sign” diagram (a). The amplitude is as follows
1
2!
· 3 ·
(g
6
)2 ∫
ds1ds2ds3
d4p1
(2pi)4
d4p2
(2pi)4
d2pi21d
2pi22e
−s1(p21+m+[W
α, · ]pi1α)
×e−s2(p
2
2
+m+[Wα, · ]pi2α)e−s3((−p1−p2)
2+m+[Wα, · ](−pi1α−pi2α)). (2.14)
The bosonic integral is straightforward
Zboson =
∫
d4p1
(2pi)4
d4p2
(2pi)4
e−s1p
2
1
−s2p
2
2
−s3(p1+p2)2
=
1
(4pi)4
1
(s1s2 + s2s3 + s3s1)2
. (2.15)
On the other hand, the computation of the fermionic integral:
Zfermion =
∫
d2pi1d
2pi2e
−s1[Wα, · ]pi1αe−s2[W
α, · ]pi2αe−s3[W
α, · ](−pi1α−pi2α) (2.16)
is more involved. In order to saturate the pi integral, four W have to be inserted at
some point of the three index loops. We put twoW on two index loops and leave the
third loop without insertion(Fig.4) . Summing up the all contributions we obtain
Zfermion = 3NS
2(4pi)4(s1s2 + s2s3 + s3s1)
2, (2.17)
where the factor of 3 counts the number of ways to pick one free (no W insertion)
index loop out of 3 index loops. N comes from the trace over the free index loop:
tr(1) = N . Comparing with the result of the bosonic integral (2.15), we observe
the striking fact that the si dependent part of the numerator and the denominator
exactly cancel:
ZbosonZfermion = 3NS
2. (2.18)
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Figure 4: The ”stop sign” diagrams with W insertions. We fixed the outer index
loop to be free.
The result is independent of the Schwinger parameters si. Now the integral over
s1, s2 and s3 becomes trivial∫
ds1ds2ds3e
−m(s1+s2+s3) =
1
m3
. (2.19)
The final result for the stop sign diagram is thus
1
24
g2
m3
3NS2. (2.20)
In general the amplitude corresponding to a planar diagram γ can be written as
Aγplanar = cγ
∫ P∏
i=1
dsie
−simZbosonZfermion, (2.21)
where cγ denotes the numerical factor. It is shown that the product of the bosonic
momentum integral Zboson and the fermionic momentum integral Zfermion is inde-
pendent of the Schwinger parameters si and given by
ZbosonZfermion = NIS
L. (I = L+ 1) (2.22)
The integral over the Schwinger parameters are easily carried out
∫ P∏
i=1
dsie
−sim =
1
mP
. (2.23)
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Thus, all that is left from the propagators is a contribution of 1
m
. This factor can
be reproduced by a mass term in the zero dimensional action m
2
tr(Φ2). In this
way the computation of glueball superpotential reduces to the evaluation of a zero
dimensional field theory, i.e, matrix theory.
It was shown in [5, 13] that the perturbative part of the effective superpotential
Weff (S) of U(N) gauge theory is related to the free energy of the matrix model
whose potential equal to the tree level superpotential:
W pert.eff (S) = N
∂F0(S)
∂S
, (2.24)
where F0 is the planar contribution to the free energy and the glueball-field S is
identified with the ’t Hooft coupling gN of the matrix model.
We have investigated the perturbative part of the glueball superpotential so far.
The full effective superpotential also includes the Veneziano-Yankielowicz term:
Weff (S) = WV Y (S) +W
pert.
eff (S). (2.25)
WV Y is given by ([14])
WV Y (S) = −hS
(
log
(
S
Λ
)
− 1
)
, (2.26)
where h is the dual Coxeter number of the gauge group (h = N for U(N)) and
Λ is the scale of the gauge theory. WV Y is the pure gauge part of the effective
superpotential and is included ”by hand” in our approach.
2.2 SO(N) gauge theory with an adjoint matter
The SO(N) gauge theory with an adjoint matter was discussed in [9]. The adjoint
fields of SO(N) are antisymmetric N ×N matrices:
Φmn = −Φnm (2.27)
and their free propagator in momentum space is proportional to the projector Pklmn =
1
2
(δkmδln − δlmδkn) [9, 10]
〈ΦklΦmn〉 =
(
P
p2 +m+ [Wα, · ]piα
)
klmn
=
(∫
∞
0
dse−s(p
2+m+[Wα, · ]piα)
)
klmn
.
(2.28)
For SO(N) there are two-types of propagators: one is represented by parallel lines
and the other is by crossed lines (Fig.5). The crossed lines with W insertions are
7
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Figure 5: The free propagator of Φ in terms of ’t Hooft double line notation.
no insertion one insertion two insertions
Figure 6: The twisted propagators with W insertions. The dots denote the W
insertions.
represented in Fig.6.
As a consequence of the crossed lines, vacuum diagrams contain not only ori-
entable Riemann surfaces but also non-orientable surfaces. As discussed above, di-
agrams with χ ≥ 1 contribute to the glueball superpotential. Since RP 2 graphs
meet the requirement χ ≥ 1, they have non-vanishing contribution to the glueball
superpotential.
It was shown in [9] that for the RP2 graph the product of the bosonic integral
and the fermionic integral becomes
ZbosonZfermion = −4
(
1
2
)P
SL. (2.29)
As in the case of S2 graphs, the Schwinger parameters cancel between bosons and
fermions. This means that the computation of the glueball superpotential reduces
to the evaluation of the zero-dimensional field theory.
Using the above fact, Ita et al computed the glueball superpotential for the
quartic interaction:
Wtree(Φ) =
m
2
tr(Φ2) + 2g tr(Φ4) (2.30)
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and they obtained the following result
W pert.eff (S) = (N − 2)[3S
2
( g
m2
)
+ 36S3
( g
m2
)2
+ · · ·]. (2.31)
3 G2 gauge theory with an adjoint matter
In this section we extend the analysis to G2 gauge theory with an adjoint matter.
G2 differs from other Lie groups in that it has invariant three-rank tensor fijk, where
i, j and k run from 1 to 7 [15]. We summarize the properties of fijk in appendix.
The adjoint fields satisfy the following relations
Φmn = −Φnm, fijkΦjk = 0. (3.1)
Their free propagator 〈ΦijΦkl〉 is proportional to the projector
Pijkl =
1
2
(δikδjl − δilδjk)−
1
6
fijmfmkl. (3.2)
This projector is of course idempotent: P = P 2. The rule for multiplying four-index
objects is
(AB)ijkl =
∑
mn
AijmnBmnkl. (3.3)
The presence of the three sorts of terms in the projector (3.2) means that in double
line notation we have three types of propagators, displayed in Fig.7. The propagator
i j ji i j
k l k l k l
m
Figure 7: The three types of propagators.
in momentum space becomes
〈ΦijΦkl〉 =
(
P
p2 +m+ [Wα, · ]piα
)
ijkl
=
(∫
∞
0
dse−s(p
2+m+[Wα, · ]piα)P
)
ijkl
(3.4)
By expanding the fermionic part, we obtain
(
e−s[W
αpiα, · ]P
)
ijkl
= Pijkl − s ([W
αpiα, · ]P )ijkl +
s2
2
([W αpiα, · ][W
αpiα, · ]P )ijkl
9
=
1
2
(δikδjl − δilδjk)−
1
6
fijmfmkl
+s
(
−
1
2
(W αpiα)ikδlj +
1
2
δik(W
αpiα)lj
+
1
2
(W αpiα)ilδkj −
1
2
δil(W
αpiα)kj
+
1
6
fijka(W
αpiα)abfbkl
)
+
s2
2
(
1
2
(W αpiαW
βpiβ)ikδlj − (W
αpiα)ik(W
βpiβ)lj +
1
2
δik(W
αpiαW
βpiβ)lj
−
1
2
(W αpiαW
βpiβ)ilδkj + (W
αpiα)il(W
βpiβ)kj −
1
2
δil(W
αpiαW
βpiβ)kj
−
1
6
fija(W
αpiαW
βpiβ)abfbkl
)
. (3.5)
We show the propagators including the three-tensor f with W insertions in Fig. 8.
no insertion one insertion two insertions
Figure 8: The propagators with W insertions
Since the new type of propagator appears, the number of the diagrams contribut-
ing the glueball superpotential increases. For the quartic superpotential:
Wtree(Φ) =
m
2
tr(Φ2) + 2g tr(Φ4), (3.6)
we have to evaluate the diagrams sketched as in Fig.9 at two-loop order. As in the
case of U(N) and SO(N), we find that the product of the bosonic integral and the
fermionic integral is independent of the Schwinger parameters1
ZbosonZfermion = (const.)S
L. (3.7)
This means that the computation reduces to the evaluation of a zero-dimensional field
theory. Although the cancellation of the Schwinger parameters simplifies the calcu-
lation, the numerical factors of eq.(3.7) seem to obey no obvious rule (see eq.(2.22)
1At three-loop order, in addition to the glueball S3, other gauge invariant quantities such as
fijkflmnWαia(Wα)alW
β
jb(Wβ)bmW
γ
kc(Wγ)cn appear. Since we are looking for the glueball superpo-
tential, we neglect other gauge invariant quantities.
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Figure 9: The ribbon Feynman diagrams contributing the glueball superpotential at
two-loop level.
for U(N) and eq.(2.29) for SO(N)). The evaluation of the numerical factor must be
done diagram by diagram.
We obtain the following result:
Weff(S) = 4S
(
1− log
(
S
Λ3
))
+ 8
g
m2
S2 +
176
3
g2
m4
S3 + · · · . (3.8)
The Veneziano-Yankielowicz term is included ”by hand”(h = 4 for G2).
Finally we extremize W (S) with respect to the S: dW
dS
= 0. The glueball S
acquire vacuum expectation values (glueball condensation):
〈S〉 = Λ3 + 4
g
m2
Λ6 + 68
g2
m4
Λ9 + · · · , (3.9)
spontaneously, breaking the chiral symmetries of the low energy effective gauge the-
ory. Substituting eq.(3.9) into eq.(3.8), in other words, integrating out S, we obtain
Weff = 4Λ
3 + 8
g
m2
Λ6 +
272
3
g2
m4
Λ9 + · · · . (3.10)
The first terms of eq.(3.9) and eq.(3.10) are coming from pure gauge sector. On the
other hand, the Λ6 terms and Λ9 terms are coming from a matter field and depend
onWtree(Φ). Thus we obtain the non-perturbative correction to the gaugino conden-
sation and effective Lagrangian. (Λ6 terms and Λ9 terms are the non-perturbative
11
correction due to a fractional instanton of charge 1
2
and 3
4
respectively.) In this
way, minimizing the effective superpotential turns a perturbative effect into the non-
perturbative correction. It seems to be difficult or (nearly) impossible to obtain the
eq.(3.9) and eq.(3.10) by traditional means.
4 Conclusions and Discussion
In this paper, following the diagrammatic approach of [5], we performed the per-
turbative computation of the glueball superpotential for G2 gauge theory with an
adjoint matter. The computation simplified because of the cancellation between the
bosonic momentum integral and the fermionic integral and reduced to the evaluation
of zero-dimensional field theory. We evaluated W (S) up to three-loop order. And
then, by extremizing the glueball superpotential with respect to S, we gained the
non-perturbative information about the gauge theory.
Finally, we discuss an ambiguity at higher orders. In [10], Kraus and Shigemori
calculated the glueball superpotential for Sp(N) with an antisymmetric matter and
found a discrepancy between the perturbative glueball superpotential results and
standard supersymmetric gauge theory results. The discrepancy showed up at or-
der h, the dual Coxeter number. The reason is that Sh is classically zero and the
perturbative computation beyond this order makes no sense. The classical relation
Sh = 0 was proven for U(N) in [13], for SO(N)/Sp(N) in [16], and for G2 in [17].
In the case of G2 gauge theory, the perturbative computation is valid up to three
loops. We evaluated the glueball superpotential up to this order. The resolution of
the ambiguity at higher order is discussed in [18].
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Appendix G2 invariant three-tensor fijk
G2 has invariant three-tensor fijk (i, j, k run from 1 to 7)[15, 19, 20]. The following
identities are satisfied.
filnfjkn + fjlnfikn = 2δijδlk − δilδjk − δikδjl (A.1)
filnfjln = 6δij (A.2)
12
fijmfmknfnlp = +δikfjlp + δpkfijl + δipfjkl + δjlfikp
−δjkfilp − δlkfijp − δilfjkp − δjpfikl (A.3)
fijmfmknfnli = 3fjkl (A.4)
faibfbjcfckdfdla = 5δijδkl − 4δikδjk + 5δilδjk (A.5)
Since fijk is an invariant tensor, the following identity is satisfied[15]
(T a)imfmjk + (T
a)jmfimk + (T
a)kmfijm = 0, (A.6)
where T a(a = 1, · · · , 14) is the generator of G2. By multiplying W aα, we obtain
(W α)imfmjk + (W
α)jmfimk + (W
α)kmfijm = 0. (A.7)
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